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We experimentally examine a dilute suspension of non-neutrally buoyant spherical
particles migrating in a simple mixing tank at small but finite Reynolds numbers. We
observe that the particles spontaneously migrate to repeatable non-trivial asymptotic
locations within toroidal structures, located above and below at-disk impellers. The
asymptotic migration positions include both the exact center of the torus and intermediate
higher-order cluster locations within the flow whose stability is dependent on flow and
particle conditions. Furthermore, we note that the particle clusters seem to coincide with
the location of unmixed islands within the underlying fluid flow. We also observe a
migratory competition when multiple particles are introduced into the flow. © 2006
American Institute of Chemical Engineers AIChE J, 52: 2039–2045, 2006
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Introduction

Multiphase flows are prevalent in various industrial applica-
tions, such as separations processes, catalysis, cell-growth bio-
reactors, and/or membrane filtration apparatus. Due to the
interplay between phases, the characterization of such flows is
rather complex yet necessary to fully understand the intrinsic
dynamics of these processes.

Non-Brownian particles have long been observed to cross
streamlines within a multiphase flow at rates significantly faster
than by diffusion alone. Segre and Silberberg1,2 first showed
that neutrally buoyant particles can migrate across streamlines
to non-trivial equilibrium positions within a uni-directional
flow, regardless of their initial position(s). Subsequent work
has shown that this phenomenon is quite general, being ob-
served both experimentally and computationally in Poiseuille3,4

and Couette5-7 flows, and also as a function of particle dens-
ity,8,9 asphericity, and/or deformability.10,11

The cause of migration in these flows has largely been

attributed to buoyancy effects12,13 and/or non-linear fluid ef-
fects,14-16 which arise at moderate Reynolds numbers; however,
particle migration has also been observed in dense multi-
particle flows even in the case of vanishing Reynolds number
(that is, an ideal Stokes’ flow). This is credited to hydrody-
namic interactions between the particles17 and termed “shear-
induced migration.” As we are primarily interested in the
asymptotic behavior of dilute flows, this effect is beyond the
scope of the research presented here.

Apparatus and Procedure

In this study we examine the migration of non-neutrally
buoyant particles of a dilute suspension in a 1500 ml simple
mixing tank with multiple 3 in. (38.1 mm) diameter flat-disk
impellers equidistantly spaced along an axial shaft, as shown in
Figure 1a. We built a co-axial stirred tank geometry as it
represents a simple three-dimensional closed flow system
where fluid drag may be used to counteract gravitational set-
tling. This geometry, therefore, allows us to study the non-
trivial asymptotic behavior of non-neutrally buoyant particles.
By choosing a finite-sized cylindrical mixing tank, we are able
to observe a competition between centrifugal buoyancy forces,
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wall interactions, and particle inertial effects, as a function of
the local shear environment. As will be shown, this balance
results in repeatable asymptotic locations within the flow.
Moreover, the underlying mixing tendency of the flow—which
can be made almost globally chaotic—seems to play a signif-
icant role in the migration behavior.

Mixing mechanisms within stirred tanks have been exten-
sively studied, and the effects of geometric features (for exam-
ple, the uniformity of the velocity field) have been exam-
ined.18,19 It is known that the invariant fluid tori that form
between impellers are separated by Kolmogorov-Arnold-
Moser (KAM) surfaces, such that they are isolated from the
outside flow and from each other except through molecular
diffusion, as shown in Figure 1b.

Alvarez et al.20 determined that the flow within a torus can
be chaotic depending on the symmetry of the flow and the
rotational protocol of the impeller(s). Similarly, Fountain et
al.,19,21 using both computational and experimental techniques,
developed a theory for predicting regions of regularity (which
are centered about elliptical points) and chaos (which contain
hyperbolic points, and enhance mixing due to the stretching
and folding of fluid elements) in a 3D flow. The authors called
the non-chaotic regions “islands” and theorized that these were
actually closed higher-order KAM surfaces/tori that twist
around the tank at a different periodicity yet remain nested
within the primary toroidal flow.

A 532 nm wavelength laser diode (purchased from Edmund
Industrial Optics) equipped with a beam splitter is used to
illuminate a 2-D cross-section of the tank. When particles are
introduced into the steady state flow, a high resolution CCD
camera placed perpendicular to the laser sheet is used to create
stroboscopic maps of the particle location each time it crosses
the two-dimensional plane. Using long exposure times, we are
able to capture multiple crossings within the same frame,
creating experimental Poincaré sections of the particle motion
within individual cells. Figure 1c is an example of such toroidal
cross-sections, where the exposure time is 60 s with approxi-
mately 20 particle crossings in each snapshot. This experimen-

tal snapshot is of four particles tracing out cellular orbitals at a
rotation rate of 80 rpm and with a 2-in. (5.08 cm) impeller
spacing.

In all experiments, the continuous phase is glycerin (S.G. �
1.26), whereas the slightly non-neutrally buoyant particles are
either acrylic (S.G. � 1.14) or cellulose acetate (S.G. � 1.30)
beads, 1.6 mm or 2 mm in diameter. Based on the density
differences, the particles are identified as light, that is, density
is slightly smaller than glycerin; or heavy, that is, density is
slightly greater than glycerin.

By plotting the radial position of the particles as a function
of time, we quantitatively measure the rate of migration for
each particle. The reader should note that we choose particles
that are large enough such that the effects of Brownian motion
on individual particle trajectories are negligible and that mi-
gration rates are significant.

Observed Migration Patterns

Previous computational work8,16 on the migration of very
small particles within a cellular flow predicted that particles
less dense than the continuous fluid phase moved inward to-
ward the cell center, whereas more dense particles moved
outward. In contrast, we have observed an inward migration for
both heavier and lighter particles in the experiments reported
here. The experimental snapshots of Figure 2 show typical

Figure 1. (a) Mixing tank geometry; (b) snapshot of fluid tori that form between adjacent impellers; (c) 60-s exposure
of 2 mm particles tracing out cellular orbitals within the fluid tori.

Figure 2. Experimental snapshots depict migration
progress of a single particle at (a) 30 min, (b) 60
min, and (c) 90 min time intervals.
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circular trajectories for the monotonic inward migration of the
particles. As the particle moves further within the cellular flow,
the size of the circular path (that is, the radius of the particle
orbital) decreases.

Asymptotic equilibria

We now examine the effects of particle size, rotation rate,
and disk-spacing on the rate of migration. The reader should
note that open symbols represent particles lighter than the fluid,
whereas closed/filled symbols represent particles heavier than
the fluid for all plots.

Figure 3 is a plot of the nondimensional radial position vs.
time for 1.6 mm and 2 mm particles at 60 rpm. The migration
rates of the light and heavy particles are relatively similar,
especially as the size of the particle increases. This is likely due
to the fact that the particles are within 10 percent difference
from the density of glycerin. Another observation is that the
slope of the 2 mm curve is steeper than for the 1.6mm particles;
that is, it requires more time for the smaller particles to migrate
across the same flow. It would seem that a smaller particle
would tend to behave more like a tracer and be more suscep-
tible to passive advection by the flow. However, that depen-
dence decreases as the size of the particle increases.

By varying the distance between adjacent impellers as well
as the impeller rotation rate, we can vary the local shear
environment within the tori and observe the impact of these
parameters on the particle migration process. The cell width
(defined as the tank wall-to-shaft distance) is kept constant and
used to non-dimensionalize the radial position of the particle as
it migrates within the cross-sectional cellular flow. The cell
height (defined as half of the disk-to-disk distance) changes as

the spacing between adjacent impellers is varied from 2-4 in.
(5.08-10.16 cm).

The spacing between adjacent parallel disks affects the size
of the toroidal structures, which in turn affects the migration
rate of the particles. This is quantitatively depicted in Figure 4,
which shows that for different rotation rates, 2 mm slightly
non-neutrally buoyant particles—both lighter and heavier—
migrate inwards following a loosely exponential curve toward
the torus center. Based on the data in Figure 4, there seems to
be an increase in migration rate with impeller spacing, requir-
ing at least 90 min for the migration to r � 0 for the 2-in.
spacing vs. 60 min for the 3-in. spacing experiments. This was

Figure 3. Migration rates for 1.6 mm and 2 mm particles
at 60 rpm for a 2-in. (5.08 cm) spacing.
The smaller particles seem to migrate at a slower rate. Open
symbols represent light particles; closed/filled symbols repre-
sent heavy particles.

Figure 4. Radial position for 2 mm particles as a function
of time at different rotation rates (50-80 rpm)
and impeller spacings (2-3 in.).
Both light particles and heavy particles migrate inwards.
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also confirmed for the 4-in. spacing, although those data are not
shown. It would seem that as the impeller and shaft rotation
rate increases, the rate of migration increases correspondingly.

Nontrivial asymptotic equilibria

As previously stated, particles typically trace out relatively
circular paths while gradually spiraling inwards within the fluid
torus. For some particles, however, the crossings occur at the
same radial positions, creating “clusters.” The experiments
were usually allowed to run for at least 2 hours; thus, for
prolonged periods of time, the particle continuously crosses the
2-D plane in a small number of discrete locations and inward
migration ceases. We designate the center of the cell/torus as a
period 1 cluster, that is, all particle crossings occur at a single

location. In a similar manner, a period n cluster means that the
particle crosses the 2-D plane in n discrete locations. It is worth
noting that we observe cluster formations for both types of
non-neutrally buoyant particles.

Figures 5 and 6 show some of the cluster patterns we have
observed and the orbital radius at which they occur. Again,
open symbols represent light particles and closed/filled sym-
bols represent heavy particles. The inset snapshots illustrate the
particle orbital at the times indicated, as well as some of the
various cluster formations we have observed. Table 1 concisely
displays the observed cluster patterns, as well as the approxi-
mate asymptotic value of the radial position. Recall that each
snapshot contains roughly 20 particle crossings.

At 50 rpm, we observe inward migration until the particles

Figure 5. Radial particle positions, illustrating linear progression until clusters are formed.
Inset snapshots illustrate: (a) 50 rpm, 3-in. spacing, period 4; (b) 50 rpm, 2-in. spacing, period 6; (c) 60 rpm, 3-in. spacing, period 5; (d) 60
rpm, 2-in. spacing, period 4.

Figure 6. Radial particle positions.
Inset snapshots illustrate: (a,b) 70 rpm, 2-in. spacing, period 4; (c) 70 rpm, 2-in. spacing, period 5 (quasi-stable at this rotation rate); (d) 80
rpm, 2-in. spacing, regular crossings; (e) 80 rpm, 2-in. spacing, period 3 for both a light (top) and heavy (bottom) particle.
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reach a period 4 formation for the 3-in. spacing (Figure 5a) and
a period 6 formation for the 2-in. spacing (Figure 5b). The 60
rpm plot displays a period 5 formation for the 2-in. spacing
(Figure 5c) and a period 4 formation for the 3-in. spacing
(Figure 5d). However, the shape and radial position of these
clusters are at a higher radial position than for the 50 rpm data
(see Table 1).

For the 70 rpm plot, we observe two different period 4
formations in Figures 6a and 6b. Figure 6a especially bears
resemblance to the period 4 cluster observed at 60 rpm in
Figure 5d. However, we also observe a quasi-stable period 5

formation (Figure 6c) for approximately 25 min before the
particle migrates further inward and stalls in a period 4 forma-
tion similar to the other particles. A different period 5 forma-
tion was also seen at 70 rpm but for a 3-inch spacing and was
maintained for approximately 35 min (not shown, but detailed
in Table 1). At 80 rpm, we note that the slope of the curves
monotonically decreases when the particle crossings are dis-
tinct and separate, as seen in Figure 6d. In contrast, the curves
level off when the particle crossings cluster into a period 3
formation (Figure 6e) and the particle migration stalled.

For the particle and flow conditions studied, it would seem
that the stability of the clusters is highly dependent on rotation
rate and impeller spacing. When the particle exhibits cluster
formations, we generally observe low-period stable clusters at
lower radial positions with increased rotation rate, for example,
period 5 clusters at 60 rpm vs. period 3 clusters at 80 rpm. An
increase in impeller spacing also seems to yield lower-period
formations, for example, period 5 clusters for a 2-in. spacing
vs. period 4 for a 3-in. spacing at 60 rpm (see Table 1). From
these results, it would seem that the radial position also in-
creases since the higher-order clusters are located further away
from the cell center.

Figure 7. Higher-order cluster formations for both light and heavy particles, and the nested fluid islands that cause
the stalling behavior.
The arrows clearly indicate the period 6 and period 7 islands, as well as the corresponding particle position in the cluster formations. Rotation
rate is 60 rpm.

Table 1. Periodicity of Particle Clusters for 2- and 3-in.
Spacing as a Function of Rotation Rate

RPM

2-in. Spacing 3-in. Spacing

Clusters Radius Clusters Radius

50 6 0.25 4 0.20
60 5 0.55 4 0.65
70 4 0.45 5 0.61*
80 3 0.20 — —

Note: The period 5 cluster observed at 70 rpm (radius � 0.61) was seen for
approximately 35 min; others were stable for the duration of the experiments.
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Particle-fluid hydrodynamics

To clarify the effect of the mixing on the particle motion, we
performed dye-advection experiments using Rhodamin B flu-
orescent dye. Figure 7 illustrates both period 6 and 7 island
chains within the same flow, as well as the corresponding
particle migration clusters of the same periodicity. The period
5 and 8 clusters are shown for completion. These experiments
show that the chaotic flow is made up of nested island chains
of decreasing periodicity as one moves towards the center of
the fluid torus.

Figure 8 combines dye advection and particle migration to
further illustrate that the locations of these clustered crossings
seem to exactly coincide with regular regions (islands) within
the chaotic flow, as suggested in Figure 7. The particle cross-
ings remain discrete (separated) when the particle is outside of
these islands, yet are clustered in these periodic islands when
the particle is stalled within the previously-mentioned KAM
tubes or higher-order islands. The period 3 islands in Figure 8c
very closely mirror the 80 rpm experiment in Figure 6. It would
seem that migration mechanisms dominate in the well-mixed
regions of the primary flow; thus, the observed particle motion
is monotonic. In contrast, in regions where the isolated fluid

islands are stable, the migration is thwarted and the motion of
the particles is halted in the various cluster formations shown.

The dye-advection snapshots illustrate the importance of the
size of the unmixed island chains relative to the particle diam-
eter. Assuming the sizes of the higher-order islands increase as
the particle approaches the torus center,19,21 then larger parti-
cles are forced to migrate further inward to find islands that are
large enough to be trapped within. However, if the sizes of the
fluid islands are preserved by an increased impeller spacing,
the particle can still reside in a higher-period island at a
relatively higher rotation rate. This would help to explain the
same periodicity clusters at different rotation rates and different
impeller spacings that we observe in Table 1.

Multiparticle competition

As more particles are added to a suspension, inter-particle
interactions become a matter of interest. While the flow still
remains largely dilute, even the addition of a second particle
forces particles to “compete” for the asymptotic positions, as
shown in Figure 9. The 70 and 80 rpm plots compare two
heavy particles with the progress of a single heavy particle.

Both particles occupy the same circular path at the beginning

Figure 8. Dye advection snapshots of a heavy particle at 80 rpm.
(Left) linear migration when the particle is between KAM surfaces; (middle) interaction with the KAM tube, which manifests as a clustering
of particle positions in the 2-D laser sheet; (right) particle is trapped within the fluid islands, creating a period 3 cluster.

Figure 9. Comparison of radial positions for the two competing particles and a single particle at the same rotation
rate.
Inset snapshots were taken after: 70 rpm- (a) 50 min and (b) 100 min; 80 rpm- (c) 20 min and (d) 60 min. Experiments show the inner particle
migrating in a similar manner to a single particle, while the outer maintains an outer orbital or cluster formation.

2044 DOI 10.1002/aic Published on behalf of the AIChE June 2006 Vol. 52, No. 6 AIChE Journal



of the 70 rpm experiment. However, one particle overcomes
the centrifugal forces and migrates inward, whereas the other
maintains an outer orbital (Figure 9a). Closer examination of
the radial positions shows that the motion of the inner particle
is similar to that of a single particle experiment at the same
rotation rate. In contrast, the outer particle stalls at a radial
position � 0.55, where its attempts to move inward towards a
period 1 position are hindered by the inner particle’s presence
(Figure 9b).

Cluster formation is still observed for competing particles.
The 80 rpm plot of Figure 9 shows the outer particle clearly
tracing out a period 4 formation (Figure 9c) for approximately
10 min of the experiment, even as the inner particle (Figure 9d)
remains discrete and monotonic in its migration. Eventually,
the migration paths of both particles merge into a single cel-
lular orbital.

Conclusions

We experimentally examined the migration phenomena
within multiphase systems in order to understand and perhaps
manipulate them to produce spontaneously-organized struc-
tured suspensions. Our results demonstrate that the migration
of particles in a multi-directional, viscous flow with finite fluid
inertia yields a rich variety of behavior. We find that particles
both heavier and lighter than the continuous phase can migrate
across streamlines to position themselves in repeatable equi-
librium locations, in very similar manner. At certain rotation
rates, we find that particles remain stalled in clusters within the
flow for extended periods of time, which seem to closely
coincide with regular islands within the chaotic fluid flow. This
suggests that control of the asymptotic particle position is
possible through manipulation of the fluid island positions. We
also note that in two-particle experiments, interparticle inter-
actions seem to promote/allow migration for one particle at the
expense of the other even at vanishingly small concentrations.
These findings could potentially impact a wide variety of
applications in the environmental, bioengineering, and materi-
als science fields.
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